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We present a simple approach based on continuum theory to calculate spin-wave frequencies in thin mag-
netic multilayers taking into account both the nonuniform static and dynamic magnetizations, which are
present in systems with strong interlayer exchange coupling. The calculation includes in-plane static magne-
tization, the canted and twisted state, bilinear and biquadratic interlayer exchange coupling, and the dynamic
dipolar coupling. Therefore, we are able to compute accurate spin-wave frequencies in strongly antiferromag-
netic coupled trilayers over a full hysteresis loop. We consider the field dependence of the spin-wave frequen-
cies of an epitaxial Fe~001!/Si-wedge/Fe sample with strong antiferromagnetic coupling measured by Brillouin
light scattering and find excellent agreement with the model calculation. The fits of the experimental curves
verify the existence of the twisted state and allow determining the coupling constants with high precision.
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After the discovery of magnetic interlayer exchange cou-
pling in 1986 in Ref. 1, the phenomenon has been explored
in much detail, and its origin is now believed to be basically
understood. Still some discrepancies remain, for example,
the large differences between the theoretically predicted and
experimentally observed coupling strengths.2 Also, the origin
of the biquadratic coupling contribution encountered in most
systems remains in discussion. On the other hand, there is an
increasing interest in interlayer coupling, not only because it
is a new quantum phenomenon, but also due to its applica-
tions as artificial antiferromagnets or ferrimagnets in mag-
netic sensors3 or more recently in antiferromagnetically
~AFM! coupled storage media for hard disk drives.4
Brillouin light scattering ~BLS! is a powerful tool to ana-
lyze the magnetic properties of thin-film samples, in particu-
lar, coupling phenomena. In a BLS experiment the frequen-
cies nm of spin waves are measured via inelastic scattering of
monochromatic light. The frequency of the photons can be
shifted either down or up by nm corresponding to the cre-
ation ~Stokes condition! or annihilation ~anti-Stokes condi-
tion! of a magnon, respectively. BLS has been extensively
used to determine the interlayer exchange coupling in mag-
netic multilayers. In contrast to static magnetometric meth-
ods, BLS also provides the possibility to derive the ferro-
magnetic ~FM! coupling strength without the necessity of
spin engineering,5 and it is not necessary to analyze the
whole remagnetization loop in order to derive the coupling
strength. However, to be able to separate bilinear contribu-
tion from biquadratic and other nonbilinear contributions to
the coupling, the field dependence of the spin-wave frequen-
cies needs to be fitted. On the other hand, the spin-wave
frequencies measured in a BLS experiment until now only
have been computed for the restricted cases of parallel ~P!
and antiparallel ~AP! alignment6 or limited to ultrathin layers
with not too strong coupling in the so-called ‘‘ultrathin film’’
approximation ~UTFA!.7 A full treatment in the case of
strong coupling, but excluding the biquadratic coupling, has0163-1829/2003/67~18!/184404~9!/$20.00 67 1844only been done based on quantum mechanic spin-lattice
theory,8 which is numerically rather elaborate.
Recently, we reported on very strong AF interlayer ex-
change coupling in excess of 6 mJ/m2 in epitaxial Fe/Si/Fe
trilayer systems.9 We will use these systems to compare dif-
ferent modeling schemes. In Sec. I we will discuss the results
obtained by the conventional ‘‘full6’’ and UTFA approaches
for a Fe (80 Å)/spacer/Fe (100 Å) system and demonstrate
that these approaches have significant shortcomings when
dealing with strong coupling. Moreover, as we show in Sec.
II for strongly coupled systems, the magnetization will, in
general, not remain uniform, but instead it will twist, form-
ing a partial domain wall parallel to the interface and hence
complicate the analysis even more. In Sec. III we introduce a
method based on the UTFA, which enables the calculation of
frequencies with high precision in strongly coupled multilay-
ers including the twisted state. We call it the ‘‘extended ul-
trathin film approximation’’ ~EUTFA!. It can also be used for
the treatment of the standing modes and thicker layers,
where the UTFA fails. In Sec. IV we describe sample prepa-
ration and measurement setup. Finally, in Sec. V we discuss
the measured field variation curves for different spacer thick-
nesses, which we fit with excellent agreement using our EU-
TFA approach to extract the bilinear and biquadratic cou-
pling strengths versus spacer thickness. Ready-to-use
formulas for the conventional multilayer and EUTFA will be
provided in the Appendix.
I. CONVENTIONAL CALCULATION OF THE SPIN-WAVE
FREQUENCIES
Magnon frequencies with finite in-plane wave vector have
been calculated for coupled magnetic multilayers with in-
plane magnetization in the late 1980’s by Barnas and
Grunberg6 and Hillebrands.10 We call their method of com-
puting the spin-wave frequencies the ‘‘full’’ approach. They
solve the linearized Bloch equation together with the Max-
well equations in the magnetostatic limit (curlHW 50) for
each individual layer. The solutions are then matched at the
interfaces, where, in addition to the magnetostatic boundary©2003 The American Physical Society04-1
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conditions requiring continuity of the torque density have to
be fulfilled. Interface anisotropies and the interlayer coupling
enter via boundary conditions. We limit ourselves in the fol-
lowing discussion to the surface-type Damon-Eshbach ~DE!
modes, which are dominated by the dipolar interaction, low-
est in frequency, and approximately uniform in ultrathin
films. The so-called standing modes with one or more nodes
in the mode profile are not considered in the following, al-
though we will show in Sec. III that their frequency can also
be calculated using our EUTFA method.
In analogy with coupled harmonic oscillators ~e.g.,
phonons!, the spin-wave modes in coupled double layers can
be classified into optic ~O! and acoustic (A), depending on
whether their frequency depends strongly on the coupling
strength or not.11,12 We phenomenologically describe the
coupling by the corresponding energy density EC5
2J1cos(Du)2J2cos2(D u). In most real samples with AFM
coupling corresponding to J1,0, there is also a biquadratic
contribution favoring 90° alignment and described by J2
,0. The optic-mode frequency will then depend on an ef-
fective coupling Je f f5J112J2 or Je f f5J122J2 in the P or
AP state, respectively. Therefore, J1 cannot be separated
from J2 by analyzing the P or AP state alone. Moreover, the
canted state has to be taken into account if the sample cannot
be saturated by the available external field. There are no
reports of successfully calculating the spin-wave frequencies
in the canted state using the full approach. The dependence
of the BLS frequencies on the external field during a remag-
netization process is instead usually computed using the
UTFA,7,13,14 which assumes approximately uniform ampli-
tudes of the spin-wave modes simplifying the calculation a
lot as no boundary conditions need to be evaluated. Instead
all interactions including the interlayer exchange coupling,
surface anisotropy, and the dynamic dipolar coupling are
treated as effective volume torques.
In Fig. 1 we compare the frequencies obtained by the full
~solid lines! and UTFA approaches ~dotted lines! using
physical parameters corresponding to our samples with satu-
ration magnetization M s51.653106 A/m, fourfold anisot-
ropy K1545 000 J/m3, gyromagnetic ratio g/2p
529.4 GHz/T, ~corresponding to a g factor of 2.1!, intra-
layer exchange A52310211 J/m, and an in-plane wave vec-
tor q51.673107 m21. In Fig. 1~a! the frequencies are plot-
ted as a function of the effective coupling strength Je f f for
the AP state with AFM coupling (Je f f,0) and the P state
with FM coupling (Je f f.0) as defined above. The calcula-
tion assumes zero external field and magnetizations aligned
along an easy axis of the cubic anisotropy and perpendicular
to the in-plane magnon wave vector qW . This situation will be
found in experiments when the FM layers have different
thickness, the bilinear coupling is dominant, i.e., uJ1u
.2uJ2u, and a small external field is applied along an easy
axis and perpendicular to qW . As can be seen the optic-mode
frequency increases with FM and AFM coupling strength in
P and AP configurations. While the UTFA predicts the right
frequency when the coupling is weak enough, it will overes-
timate the optic-mode frequency in the case of strong cou-18440pling, which, to our knowledge, has not been pointed out in
previous publications. The reason for this shortcoming is
that, depending on the alignment and sign of the coupling,
the optic mode will form a partial node or peak at the inter-
face if the coupling is strong6 ~see insets in Fig. 1!.
Figure 1~b! shows a typical field dependence curve. The
angles of the static magnetization, which is assumed to be
rigid, correspond to the total minima of the free energy com-
posed of Zeeman energy EZ , magnetocrystalline anisotropy
energy Ean , and interlayer coupling energy EC with cou-
pling constants J1522.6 mJ/m2 and J2520.2 mJ/m2 typi-
cal for Si thicknesses of 10 Å. The external field is applied
along the easy axis and perpendicular to qW . At low external
field, the magnetizations align AP with the larger magnetic
moment in the field direction. When the external field
reaches the spin-flop field of about 0.07 T, the magnetiza-
tions switch into the canted configuration, and the full calcu-
lation cannot be applied any more. The spin flop can be
recognized by an abrupt change in the optic and acoustic
frequencies. In the rigid magnetization approximation, the
sample saturates at a field of about 0.36 T, which shows up
as a kink in the acoustic and as a dip in the optic frequency.
Interestingly, using the full approach, the optic-mode is not
FIG. 1. Calculated acoustic ~A! and optic ~O! spin-wave fre-
quencies of a Fe~001! (80 Å)/spacer/Fe (100 Å) system. Dotted
lines, UTFA; solid lines, full calculation. The insets show the in-
plane component of the dynamic magnetization as a function of the
position. The parameters are given in the text. ~a!: BLS frequencies
in zero field with qW’MW as a function of effective coupling Je f f
defined in the text. ~b!: BLS frequencies as a function of the exter-
nal field B applied along the easy axis and with qW’BW .4-2
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The reason for the vanishing optic-mode is that the P state
with homogeneous magnetization is unstable in this region.
Therefore, the assumption of a rigid magnetization is not
proper in the case of strong coupling ~see Sec. II!. The real
saturation field instead corresponds approximately to 0.6 T,
where the optic-mode appears @compare with Fig. 3~a!#.
II. TWISTED GROUND STATE
If AFM interlayer coupling and external field are strong
enough compared to the intralayer exchange, magnetization
will form a partial Bloch-type domain wall parallel to the
interface, as sketched in Fig. 2. This is a result of the com-
peting torques exerted at the interface by the coupling and in
the bulk by the external field. The twisted magnetization
state has been extensively investigated, including BLS,15 for
so-called exchange springs16 and the surface spin-flop phase
in antiferromagnets.17,18 However, there are only few
publications19–21 treating the twisted ground state in the case
of AFM coupling.
The starting point for calculating the twisted magnetiza-
tion state is the free energy per unit area:
F5E ~Eex1Ean1EZ! dy1EC , ~1!
which is a functional of the in-plane magnetizations angle
u(y) variable in the direction of the film normal yˆ . The
intralayer exchange term has the form22 Eex5A(]u/]y)2,
and the interlayer coupling depends on the relative magneti-
zation angle at the interfaces u i f : EC52J1cos(D uif)
2J2cos2(D uif). Finding solution u(y), which minimizes the
free energy functional, can be done by using calculus of
variation as in Ref. 20. However, when treating thin films, it
is straight forward to approximate the integral in Eq. ~1! by a
sum. u(y) is defined at N points including interfaces u i and
assuming linear behavior in between. The volume Zeeman
EZ and anisotropy Ean energies can then be approximated by
their values using the average angles u i5(u i1u i11)/2, and
FIG. 2. Schematic view of the twisted magnetization state in a
sample with strong AFM coupling. The circles lie in the plane of the
interfaces. The in-plane magnetization angle u varies in the direc-
tion of sample normal yˆ . The picture corresponds to
Fe (80 Å)/spacer/Fe (100 Å) with applied field Bext50.5 T and
J1522.6 mJ/m2, J2520.2 mJ/m2 typical for an Si interlayer
thickness of 10 Å.18440the intralayer exchange depends on the relative angle Du i
5u i2u i11 between neighboring points:
F’ (
iÞi f F H EZ~u¯ i!1Ean~u¯ i!1AS Du iDy D
2J 3Dy G1EC .
~2!
The term corresponding to the points at the interface (i
5i f ) has to be excluded from the sum. Equation ~2! can be
easily solved using standard multidimensional minimization
algorithms,23 at least up to N’100.
The possible lower energy in the twisted configuration
compared to the uniform magnetization is due to a reduction
in the coupling energy at the cost of exchange energy. Taking
into account only interfacial points, a critical AFM coupling
strength Jcrit , at which the intralayer exchange and coupling
energy will cancel out, can be estimated to be Jcrit’
2A/d , where d is the FM layer thickness. For uJ1u!uJcritu,
the twisting effects in a thin-film sample can be neglected as
the corresponding intralayer exchange will be bigger than the
coupling energy. On the other hand, the twist becomes domi-
nant and leads to an disproportionate increase in the satura-
tion field with the coupling strength for uJ1u.uJcritu when
the anisotropy is negligible. However, if the FM layer thick-
ness d is of the order of the exchange length AA/K1, the
anisotropy energy K1d becomes important, and the twisted
ground state will be suppressed when J1 becomes much
smaller than K1d .
Using d5100 Å and the literature exchange value for
iron of A52310211 J/m yields Jcrit522 mJ/m2. The cal-
culated field dependence in Fig. 3 for coupling values of J1
522.6 mJ/m2, J2520.2 mJ/m2, and other parameters as in
Fig. 1~b! indeed shows pronounced deviations from the uni-
form state. Although the averaged magnetization angles of
the twisted state @solid line in Fig. 3~a!#, which approxi-
mately determine the frequency of the acoustic mode, are
close to the result obtained assuming a rigid static magneti-
zation ~dotted line! over a wide field range, they clearly de-
viate for Bext.0.3 T, and the saturation field is about a fac-
tor of 2 larger. Another more subtle difference to the rigid
approximation is a lowering of the spinflop field. Thus, de-
riving the coupling strengths from the saturation and spin-
flop fields, using the rigid approximation, will lead to a sys-
tematic overestimation of J1 and J2.
In Fig. 3~b! we plot the twisting angle defined in Fig. 2 as
the relative angle between the magnetizations at the two in-
terfaces of each FM layer. The twisting angle is not negli-
gible apart from the AP state at low fields. It reaches a maxi-
mum value of about 20° where the sample would saturate in
the case of a rigid magnetization. Therefore, the optic-mode
frequency, which strongly depends on the relative angle at
the interlayer, cannot be predicted accurately without includ-
ing the twist into the calculation.
III. EXTENDED ULTRATHIN-FILM APPROXIMATION
The method we use here to calculate the spin-wave fre-
quencies is simple, but predicts right frequencies in the case
of strong coupling and even for standing modes. Moreover, it4-3
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in the preceding section in a natural way. Having in mind
that the UTFA works if only the magnetic layers are thin
enough, we virtually subdivide the FM layers into thin sub-
layers of thickness d parallel to the film plane, for which we
assume uniform magnetization similar to Grimsditch et al.15
If the twisted state is to be taken into account, then the mag-
netization angle of each sublayer is set to the value obtained
from the calculation described in Sec. II. The interlayer ex-
change coupling and a possible interface anisotropy is taken
into account by introducing them in the corresponding inter-
facial sublayers, but not as a volume contribution of the
whole FM layer as in the case of the conventional UTFA.
We treat the intralayer exchange as an effective interlayer
coupling between sublayers with a corresponding energy
Eex
e f f5
A
d
~D u!2’2J1
e f fcos D u1const; J1
e f f5
2A
d
,
~3!
where the approximation is valid because the relative angle
between the magnetizations of two neighboring sublayers
D u is supposed to be small. The exchange energy has the
same form as the bilinear interlayer exchange in the UTFA
for multilayers24 ~full formulas are given in the Appendix!,
which can readily be used to compute the frequencies of the
virtual multilayer stack.
In Fig. 4 we compare the spin-wave frequencies obtained
using this method with the full and UTFA approaches as a
FIG. 3. Calculated field dependence of the twisted state using
parameters of Fig. 1. ~a! compares the averaged magnetization
angles with the rigid magnetization approximation ~dotted line!. In
~b! the twisting angle as defined in Fig. 2 is plotted.18440function of the coupling strength without external field simi-
lar to Fig. 1~a!. The bottom part corresponds to the anti-
Stokes side of Fig. 1~a!, however, over a bigger coupling
range. The top part shows the lowest standing modes ~one
node in the mode profile of each magnetic layer!, for which
the UTFA, of course, cannot be used. Note that the scale of
the frequency axis is different in the top and bottom parts of
Fig. 4. The frequencies obtained by our EUTFA method con-
verge quickly towards the result of the full approach ~solid
line! with decreasing d . While the value of d520 Å(h) is
already much closer to the full approach than the conven-
tional UTFA (3), a precision better than 1 GHz can be
achieved even for the first standing modes using a sublayer
thickness of the order of 1 ML, d51 Å(,).
Apart from the case of strong coupling and the twisted
ground state, the method we propose can also be used if the
layers are too thick for the conventional UTFA, i.e., when
qd!1 is not fulfilled. The limiting factor for the validity of
the approximation made in the calculation of the dipolar in-
teractions is the thickness d of the sublayers and not the
thickness d of the FM layers. In Fig. 5 we plot the calculated
mode frequencies of a double-layer system as a function of
the in-plane wave vector q. The 200-Å-thick Fe layers are
FM coupled with J151 mJ/m2 and a field of 0.1 T is applied
along the easy axis. The conventional UTFA (3) deviates
significantly from the full calculation ~solid line! for
qd.0.3, whereas our method is accurate at least up to
qd54.
FIG. 4. Convergence of the EUTFA as a function of the cou-
pling strength and the sublayer thickness d . The solid lines and
crosses (3) are the result of the full and conventional UTFA ap-
proaches, respectively. Open squares (h), uptriangles (D), and
downtriangles (,) are obtained with EUTFA and correspond to d
520, 10, and 1 Å, respectively. All parameters are the same as in
Fig. 1~a!.4-4
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Epitaxial Fe (80 Å)/Si-wedge/Fe (100 Å) trilayer
samples are prepared by thermal electron-gun evaporation on
top of a GaAs(001)/Fe (10 Å)/Ag (1500 Å) buffer system
described in Ref. 25. Background pressure was better than
10210 mbars. The thicknesses and the deposition rates of
about 0.1 Å/s for both Fe and Si are controlled by a cali-
brated quartz crystal monitor, and the layers are character-
ized by Auger electron spectroscopy, low-energy electron
diffraction ~LEED!, and reflection high-energy electron dif-
fraction ~RHEED!. The first 5 ML of the bottom Fe layers
are grown at room temperature ~RT! in order to prevent seg-
regation of Ag and the remainder at 200 °C, which gives a
good layer-by-layer growth according to the observed
RHEED oscillations. The Si spacer and the top Fe layer are
deposited at RT because higher temperatures lead to alloying
of the spacer and a drastic reduction of the coupling strength.
The well-defined LEED pattern observed throughout the
whole structure indicates a good epitaxial growth. The
samples are covered with a 500-Å ZnS antireflection layer,
which also prevents oxidation of the top Fe layer.
BLS experiments are performed using a Sandercock-type
(233) pass tandem Fabry-Pe´rot interferometer26 in the
backscattering geometry. The inelastically scattered light cor-
responding to both the Stokes ~magnon creation! and anti-
Stokes ~magnon annihilation! processes is recorded using an
avalanche diode detector and a multichannel analyzer PC
card in the frequency range of 650 GHz. The wavelength
l5532 nm of the laser light together with the incident angle
of 45° result in an in-plane magnon wave vector q51.67
3107 m21 of the measured magnons. The diameter of the
laser spot on the sample of about 40 mm is small enough
compared to the slope of the wedge (0.7 Å/mm) to allow a
precise measurement of the coupling strength. A variable ex-
ternal field with a maximum strength of 0.7 T is applied in
the film plane and perpendicular to qW .
FIG. 5. Spin-wave frequencies in a Fe double layer as a function
of qd . Solid lines, full calculation; crosses (3), conventional
UTFA; open circles (s), extended UTFA with d52 Å. The two
lower branches correspond to the surface DE and the higher
branches correspond to the first standing modes. Used values: dFe
5200 Å, J151 mJ/m2, B50.1 T, all other parameters as in Fig. 1.18440V. RESULTS AND DISCUSSION
In Fig. 6 we show typical field variation curves measured
at different spacer thicknesses of a Fe (80 Å)/Si-
wedge/Fe (100 Å) sample with the field applied along an
easy axis. The open circles are the experimental data and the
solid lines correspond to a Levenberg-Marquardt fit using the
EUTFA. We have used a sublayer thickness of d54 Å for
the calculation of both the twisted ground state and the mag-
non frequency and found a good enough precision compared
to the accuracy of the frequency measurement of about 0.5
GHz.
The coupling at small spacer thicknesses up to 5 Å is FM
and most likely due to direct exchange via pinholes. The
value of the cubic anisotropy constant K1545 000 J/m3 used
to fit the data has been determined from the hard axis satu-
ration field in the region of FM coupling. From the data in
Fig. 6~a! we have derived a coupling strength of J1
58.8 mJ/m2 and a magnetization value M S51.67
3106 A/m. Here, as for all other fits, the perpendicular sur-
face anisotropy of Fe~001! typically found to be of the order
of Ks50.5 mJ/m2 has been neglected. As the strength of
surface anisotropy depends on the chemical environment and
the morphology27,28 of the interface, it is likely to be differ-
ent for all four interfaces and is therefore very difficult to
measure. The perpendicular surface anisotropy has the ap-
proximate effect of reducing the magnetization derived from
FIG. 6. Field dependence of measured BLS data ~open circles!
and least square fit ~solid line! at different spacer thickness of a
Fe (80 Å)/Si-wedge/Fe (100 Å) sample: ~a! 4 Å, ~b! 6 Å, ~c!
7 Å, ~d! 8 Å, ~e! 10 Å, and ~f! 12 Å. The coupling constants are
given in the text. Arrows indicate the direction of the average mag-
netizations.4-5
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the order of 10%.
The FM pinhole coupling decays quickly with increasing
spacer thickness, and at an interlayer thickness of 6 Å the
coupling becomes predominantly biquadratic (2uJ2u.uJ1u).
This can be recognized in Fig. 6~b! by a distinct asymmetry
between the Stokes and anti-Stokes sides, but without an AP
state and the corresponding spin flop at low field. The cou-
pling constants were found to be J1523.4 mJ/m2 and J2
522.7 mJ/m2, where J2 is among the strongest biquadratic
couplings measured so far.
The interlayer thickness region with dominant biquadratic
coupling is very narrow. At a spacer thickness of 7 Å in Fig.
6~c! J1 has increased to 26.5 mJ/m2 while J2
521.1 mJ/m2 is more than halved compared to Fig. 6~b!.
Interestingly, at low field the magnetizations are not in the
ferrimagnetic ground state with the magnetizations collinear
to the external field, but stay in an AP configuration perpen-
dicular to the applied field, which has a higher free energy.
Therefore, no spin flop can be identified in Fig. 6~c!. For a
field value of 50 mT, the ferrimagnetic state is calculated to
be as much as 731025 J/m2 lower in energy than the con-
figuration found here. On the other hand, the pinning energy
derived from the coercive field of the magnetization reversal
at low field at a spacer thickness of 8 Å has a value of only
about 2.531025 J/m2. Thus, the magnetizations are ex-
pected to flop into the ferrimagnetic state. A possible expla-
nation for this unusual behavior is a nonisotropic form of the
extrinsic biquadratic coupling as proposed by Slonczewski in
Ref. 29.
The next graph in Fig. 6~d! with 8 Å spacer thickness
corresponds to the maximum of the optic-mode frequency in
the AP state, which is related to the maximum of the effec-
tive coupling strength Je f f . The coupling constants are found
to be J1525.66 mJ/m2 and J2520.44 mJ/m2. From here
on both the bilinear and biquadratic coupling decay quickly
until the sample decouples at about 15 Å spacer thickness.
The coupling constant in Figs. 6~e! and 6~f! with 10 Å and
12 Å spacer thickness are found to be J1522.61 mJ/m2,
J2520.20 mJ/m2, and J1521.00 mJ/m2, J25
20.10 mJ/m2, respectively.
We have plotted J1 and J2 versus spacer thickness in Fig.
7. The strong biquadratic coupling J2 at low thickness can be
FIG. 7. Coupling constants as a function of spacer thickness.18440explained by the extrinsic fluctuation mechanism due to a
competition of FM pinhole coupling and AFM interlayer
coupling. The quick decay of J2 with increasing spacer
thickness is in agreement with this mechanism as the pin-
holes are expected to disappear quickly with increasing
spacer thickness. The smooth decay of the intrinsic bilinear
coupling J1 is also in agreement with a very weak biqua-
dratic coupling to the right of the AFM maximum, where J2
is approximately 10% of J1. A proportionality between J1
and J2 in the Fe/Si/Fe system has also been reported by
Strijkers et al.30
The excellent agreement of the experimental data with the
model calculation in Figs. 6~d!–~f!, where J2 is small, dem-
onstrates that the magnetic configuration of the sample is
close to the calculated ground state. In particular, the sample
is in a single domain state and the twisted configuration con-
forms with the theory. The twisting angle in Fig. 6~c! at a
field of 0.6 T comes out to be as big as 34°, which is com-
parable to the effects found in exchange springs. On the
other hand, the poorer quality of the fit in Fig. 6~b! and the
lack of the spin flop in Fig. 6~c!, where J2 is big, could be
explained by the extrinsic origin of the biquadratic coupling.
The fluctuation mechanism proposed by Slonczewski29 is
supposed to have only to first order the biquadratic form and
is probably even nonisotropic.
In earlier publications we have been using the conven-
tional UTFA to extract the coupling constants from the field
dependence of the BLS frequencies. The FM layers of the
Fe/Si/Fe and Fe/Al/Fe samples investigated in Refs. 9 and
31, respectively, were thinner, and the coupling of aluminum
is weaker than that of silicon. Although the overall quality of
the fits was good, the coupling constants especially for the
strongest coupling derived in these publications have some
systematic error. As discussed in Secs. II and IV, the UTFA
with rigid magnetization approximation will underestimate
Je f f in the AP state and overestimate the biquadratic coupling
strength when analyzing a full hysteresis loop. For the
present sample, on the other hand, a satisfactory fit using the
conventional UTFA is not possible except for Fig. 6~f! with
rather weak coupling. The reason is the pronounced magne-
tization twist due to the thicker FM layers.
VI. CONCLUSIONS
We have presented the EUTFA method based on con-
tinuum theory to calculate the spin-wave frequencies in
coupled multilayers as measured by BLS and ferromagnetic
resonance. Apart from a limitation to in-plane static magne-
tization and translational invariance in the direction parallel
to the plane, arbitrary configurations including the canted
and the twisted ground states can be taken into account. By
comparing our model calculation with the results of the stan-
dard ‘‘full’’ approach and experimental data we have demon-
strated that the method is accurate and well suited for the
analysis of experimental data. From a fit to the field depen-
dence of the BLS frequencies measured on a strongly AFM
coupled Fe/Si/Fe sample, we have found strong evidence for
the twisted ground state and derived the coupling constants
as a function of the spacer thickness. The biquadratic contri-4-6
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thickness of 6 Å, where AFM coupling sets in. Then J2
quickly decays with increasing spacer thickness to become
about of 10% of J1 to the right of the AFM maximum found
at 7 Å. This evolution of the coupling constants with spacer
thickness clearly supports the extrinsic origin of J2 as pro-
posed by Slonczewski.
Using our approach, an easy calculation of the spin-wave
frequencies is possible even for much thicker samples up to
about 100 nm, for which a quantitative analysis previously
only was possible in the rather limited cases of P and AP
configuration. Our approach could also be applied to ex-
change springs, where the scheme of Grimsditch et al.15 re-
quires considerable computational effort.
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APPENDIX READY-TO-USE EQUATIONS FOR EUTFA
We use a separate coordinate system (j ,y ,z) for each
layer as in Ref. 7 and shown in Fig. 8. The local z axis zˆ is
attached to the static magnetization and the local x axis jˆ is
in the plane and perpendicular to the static magnetization.
The y axis perpendicular to the film is common to all layers.
The magnetic moments per unit area mW i in the local coordi-
nate system are expressed by a coordinate transformation as
a function of the magnetization MW i of layer i in the absolute
system (x ,y ,z). Then mi ,z is the static part and mi ,j and mi ,y
represent the small dynamic part of the magnetic moments.
We consider, for each layer i, the Bloch equation with the
effective field bW i
e f f acting on mW i
FIG. 8. Definition of the coordinate system. The zˆ i and jˆ i axes
are attached parallel and perpendicular to the static magnetizations
M i , respectively, and differ from layer to layer. si j is the spacing
between layers i and j. All angles u are in the plane and measured
with respect to xˆ .18440g i
21dmW i /dt5mW i3bW i
e f f ; bi ,k
e f f52~]F/]mi ,k!, ~A1!
where k is the axis index, and F is the free energy per unit
area. The contributions to bi ,k
e f f due to the Zeeman, anisot-
ropy, and interlayer coupling energies are computed by ex-
panding the free energy in terms of mi ,k , keeping only terms
to quadratic order in mi ,j and mi ,y . Only the contribution
due to the dynamic dipolar coupling is not based on Eq. ~A1!
and more involved.7
Linearizing the Bloch equations and with the usual ansatz
mW i(t)5exp(ivt)(jˆmi,j1iyˆmi,y)1zˆmi,z , one finally obtains a
set of 2N equations
(
i ,k
~A j ,l
i ,kmi ,k!50 ~ i , j51, . . . ,N; k ,l5y ,j!,
~A2!
where N is the number of magnetic layers. The system of
equations ~A2! has solutions only for certain v , which are
the spin-wave frequencies.
In the following, we will give the free energy terms and
their corresponding terms of the matrix components A j ,l
i ,k
.
Note that we have divided the j rows by i and the y rows by
21 for convenience and in order to get real matrix elements.
1. Zeeman energy
EZ5(
i
diMW iBW ext ~A3a!
leads to the matrix terms,
AZi ,ji ,y5AZi ,yi ,j5Bextcos~uMi2uBext!. ~A3b!
2. Cubic magnetocrystalline anisotropy
Eca5(
i
diK1i
M i
4 ~M i ,x
2 M i ,y
2 1M i ,x
2 M i ,z
2 1M i ,y
2 M i ,z
2 !.
~A4a!
Here, for simplicity, one easy axis is assumed to lie along the
xˆ direction. The following matrix terms take into account an
arbitrary in-plane easy axis along uˆ ea :
Acai ,ji ,y5
K1i
2M i
@31cos$4~uMi2uea!%# , ~A4b!
Acai ,yi ,j5
2K1i
M i
cos@4~uMi2uea!# . ~A4c!
3. Uniaxial in-plane anisotropy
Eua52(
i
diKui
M i
2 ~MW iuˆ ea!
2 ~A5a!
leads to the matrix terms4-7
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2Kui
M i
cos2~uMi2uea!, ~A5b!
Auai ,yi ,j5
2Kui
M i
cos@2~uMi2uea!# . ~A5c!
4. Surface anisotropy
Esa52(
i
Ksi
M i
2 M i ,y
2 ~A6a!
leads to the matrix terms
Asai ,ji ,y52
2Ksi
M idi
. ~A6b!
5. Interlayer exchange coupling
Note that the signs of J1 and J2 used by other authors
might differ ~e.g., Cochran et al. in Ref. 7 uses the opposite
sign for J2). We define the signs according to the generalized
Heisenberg series 2(JicosiD u:
EC52 (
i51
N21
@J1
i ,i11cos~uMi2uMi11!
1J2
i ,i11cos2~uMi2uMi11!# . ~A7a!
The corresponding matrix elements are
ACi ,ji ,y5
1
M idi
@J1
i ,i11cos~uMi2uMi11!12J2
i ,i11
3cos2~uMi2uMi11!1J1
i21,icos~uMi212uMi!
12J2
i21,icos2~uMi212uMi!# , ~A7b!
ACi ,yi ,j5
1
M idi
@J1
i ,i11cos~uMi2uMi11!12J2
i ,i11
3cos$2~uMi2uMi11!%1J1
i21,icos~uMi212uMi!
12J2
i21,icos$2~uMi212uMi!%# , ~A7c!
ACi ,ji11,y5
1
M i11di11
@2J1
i ,i1122J2
i ,i11cos~uMi2uMi11!# ,
~A7d!
ACi ,yi11,j5
1
M i11di11
@2J1
i ,i11cos~uMi2uMi11!
22J2
i ,i11cos$2~uMi2uMi11!%# , ~A7e!
ACi ,ji21,y5
1
M i21di21
@2J1
i21,i22J2
i21,icos~uMi212uMi!# ,
~A7f!18440ACi ,yi21,j5
1
M i21di21
@2J1
i21,icos~uMi212uMi!
22J2
i21,icos$2~uMi212uMi!%# . ~A7g!
6. Dipolar terms
Calculation of dipolar effective fields is more involved.
We follow the approach by Cochran7 and evaluate the dipo-
lar effective fields from the mode profiles in single-layer ap-
proximation, keeping terms second order in qdi as worked
out by Rezende et al.14 This approximation is good as long
as the thickness of all FM ~sub!layers is small compared to
the magnon wavelength; that means about di,0.1/q:
Adipi ,ji ,y5m0M i~12qdi/2!, ~A8a!
Adipi ,yi ,j5
1
2 m0M iqdisin2~uMi2uq!, ~A8b!
Adipi ,jjÞi ,y52
1
2 m0M iqdi~12qd j/2!exp~2qsi , j!,
~A8c!
Adipi ,yjÞi ,j5
1
2 m0M iqdi~12qd j/2!exp~2qsi , j!
3sin~uMi2uq!sin~uM j2uq!, ~A8d!
Adipi ,jjÞi ,j5
1
2 sgn~ j2i !m0M iqdi~12qd j/2!
3exp~2qsi , j!sin~uM j2uq!, ~A8e!
Adipi ,yjÞi ,y52
1
2 sgn~ j2i !m0M iqdi~12qd j/2!
3exp~2qsi , j!sin~uMi2uq!. ~A8f!
si , j is the distance between layers i and j consisting of
u j2iu spacers and u j2iu21 FM layers as sketched in Fig. 8.
7. Intralayer exchange
The effective fields due to the variation of the dynamic
magnetization in the direction of the in-plane wave vector
can be taken into account by13
Aexi ,ji ,y5Aexi ,yi ,j5Diq
2
, ~A9!
where D is the exchange stiffness constant defined in the
usual way as D52A/M .
8. Angular momentum
Finally, the left-hand side of the Bloch equations is
Av i ,ji ,j5Av i ,yi ,y52v/g i . ~A10!4-8
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